Single spin detection is a key objective in the field of metrology. There have been many experimental and theoretical investigations for the spin detection based on the use of probe spins. A probe spin shows the precession due to dipole-dipole interaction from a target spin, and measurement results of the probe spin allow us to estimate the state of the target spin. Here, we investigate performance of single-spin detection when using an ensemble of probe spins. Even though the ensemble of probe spins inevitably induces projection noise that could hinder the signal from the target spin, optimization of the configuration of the spin ensemble improves the sensitivity such that enhancement of the signal can be much larger than the projection noise. The probe-spin ensemble is especially useful at a large distance from the target spin , where it is difficult for a single spin to read out the target spin within a reasonable repetition time. Our results pave the way for a new strategy to realize efficient single-spin detections.
An important objective in quantum metrology is to realize the efficient detection of a single spin. This technique has numerous potential applications because we can in principle extract useful information about materials by imaging nuclear magnetism on the nanometer scale. However, such single-spin detection requires both sensitivity and spatial resolution. There have been several experimental and theoretical studies to improve both the sensitivity and spatial resolution of magnetic-field sensors such as SQUID, a superconducting flux qubit, Hall sensors, and force sensors [1] [2] [3] [4] [5] . Even though there are some experimental demonstrations of singlespin detection [6] , single-spin detection is not yet a mature technology . This is a particularly true because many repetitions of the measurements are necessary to increase the signal -to -noise ratio for the spin detection and much more efficient schemes are required to realize rapid spin detection.
The use of a probe spin is one attractive approach for the single-spin detection [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The probe spin can be coupled with the target spin via dipole-dipole interaction, and the probe spin experiences a precession due to the magnetic field induced by the target spin. From an optical or electrical readout of the state of the probe spin , we can estimate the magnitude of the magnetic field applied to the probe spin, which provides us with information on the target spin.
Conversely, there have been several theoretical and experimental studies of ensembles of spins for use as sensitive magnetic-field sensors [17] [18] [19] [20] [21] [22] . If we use an ensemble of spins to measure the applied magnetic fields, we can enhance the signal from the target magnetic field. This has a clear advantage over a single-spin field sensor if we aim to detect global magnetic fields. However, an ensemble of spins has projection noise resulting from the intrinsic properties of quantum mechanics where the readout of the quantum states becomes a stochastic process. This problem could be significant if we aim to use the probe-spin ensemble to detect a single target spin. The dipole-dipole interaction between spins has the form H dd ∝ 1/r 3 where r denotes the distance between the spins ; therefore, the interaction becomes significantly weaker as we increase the distance from the target spin.
This means that, if we use an ensemble of probe spins to detect the target spin, probe spins far from the target spins could induce projection noise without contributing to the enhancement of the signal. Therefore, a careful assessment is required to determine the conditions when a probe-spin ensemble shows better performance than a single probe spin.
In this paper, we investigate performance of the single-spin detection with a probe-spin ensemble. Interestingly, we found that, by choosing a suitable distribution of probe spins, the use of a probe-spin ensemble is much more efficient than that of a single probe spin. As a concrete example, we consider nitrogen vacancy centers. By performing numerical simulations with realistic parameters, we found that the sensitivity of the probe-spin ensemble becomes more than 10 times better than that of the single probe spin.
The remainder of this paper is organized as follows. In Sec. II we review magnetic-field sensing with the standard echo technique. In Sec. III we investigate the performance of single-spin detection using a probe spin. In Sec. IV we introduce a spin detection scheme using an ensemble of probe spins. Finally, in Sec. V, we offer our conclusions.
SENSING GLOBAL MAGNETIC FIELDS WITH A PROBE SPIN
Let us review sensing global magnetic fields with a single probe spin using the standard echo measurement. The Hamiltonian is described as
where ω = gµ b B ex +gµ b B(t) denotes the resonant frequency of the probe spin, g denotes a g factor, µ b denotes a Bohr magneton, B ex denotes a known external magnetic field, B(t) denotes a target global magnetic field, ω ′ = gµ b B ex denotes the frequency of the microwave fields, λ denotes a Rabi frequency, and φ denotes the phase of the microwave fields. Af-ter applying a rotating wave approximation, we obtain
where λ x (λ y ) denotes a Rabi frequency of the microwave along the x (y) direction. We turn off the microwave driving (λ x = λ y = 0) except when we need to rotate the probe spin. We define
2σ z for the Hamiltonian without microwave driving. In particular, we consider alternating square fields ( which can be considered to be AC fields [23] ) described as
where t I denotes an interaction between the probe spin and the target magnetic fields. We describe a scheme to estimate the value of B with the probe spin at a given time T ( see Fig. 1 ). First, we prepare a state of |ψ 0 = |+ = |1 ) by performing π 2 pulse along the y direction. Second, we allow this state to evolve with the Hamiltonian H FID for time tI 2 . Because the probe spins are affected by dephasing from the environment, the non-diagonal terms of the density matrix decay. Taking this decoherence into consideration, the density matrix after the evolution at time t is given as ρ(t) =
1| where γ denotes the dephasing rate. Third, after performing a π pulse along the x axis to flip the probe spin at time t = tI 2 , we allow this state to evolve with the Hamiltonian H FID for time tI 2 . Note that this π pulse at t = tI 2 suppresses the low-frequency fluctuations of the resonant frequency of the probe spin, which improves the coherence time [24] . Fourth, we perform a projective measurement on this state about an observableσ y , which can be realized by aσ z measurement after a π 2 pulse along the x direction. The expectation value is calculated as σ y = e −γtI sin gµ b Bt I ≃ e −γt gµ b Bt I where we use ωt I ≪ 1. Finally, we repeat the above three steps within a given time T . We assume that the necessary time for the single qubit rotation and the measurements is much shorter than the coherence time of the probe spins. In this case, the number of trials in a given time T is approximated as N ≃ T /t I . We can calculate the uncertainty of the estimation of the magnetic fields as follows :
where δσ y ≡σ y − σ y . If the magnetic fields are small, we can simplify the uncertainty as δB ≃ .
SINGLE-SPIN DETECTION USING A SINGLE PROBE SPIN.
We now consider detecting a target spin using a single probe spin. When the target spin is located at the origin of the coordinate system, the Hamiltonian between the target spin and the probe spin is described as follows :
where B ex denotes the external magnetic fields, λ (e) (λ (t) ) denotes a Rabi frequency for the probe (target) spin, ω ′ = g e µ b B ex (ω ′′ = g t µ b B ex ) denotes the frequency of the microwave fields on the probe (target) spin, φ ′ (φ ′′ ) denotes the phase of the microwave fields, and r = (x, y, z) denotes the position of the probe spin. In addition, we have σ (e) · r = xσ
we use a rotating wave approximation, and simplify the Hamiltonian in a rotating frame as
where λ (e)
x (λ (t)
x ) denotes a Rabi frequency along the x component on the probe (target) spin and λ We can consider an effective Hamiltonian ,
whereσ (t) z is replaced by a classical parameter s. In this case, the dipole-dipole interaction from the target spin can be treated as the magnetic fields on the probe spin where the effective Zeeman splitting is defined as
Similar to the global magnetic-field sensing described above, we can estimate the parameter s using the standard echo measurement where we flip the target spin in the middle to induce effective AC magnetic fields, as described in Fig. 2 . If we have s ≃ 1 (s ≃ −1) as the estimated value, we can conclude that the state of the target spin is up (down). Similar to the detection of the global magnetic fields, we can calculate the uncertainty of the estimation of s as follows :
where
denotes the coherence time of the single probe spin. We can minimize this uncertainty by choosing
, and obtain
Note that we need to decrease this uncertainty to much smaller than 1 to determine the state of the target spin.
FIG. 2:
Pulse sequence to detect the state of the target spin with a probe spin. The pulse sequence on the probe spin is the same as that used to detect the AC magnetic fields, as described in Fig. 1 . Note that, in order to generate effective AC magnetic fields from the target spin, we perform two π pulses on the target spin [14] .
SINGLE-SPIN DETECTION USING AN ENSEMBLE OF PROBE SPINS
Here,we describe our scheme to detect the target spin with an ensemble of probe spins. In a rotating frame, the effective interaction Hamiltonian between the probe spins and the target spin is given as
where B j denotes the effective magnetic fields on the j th probe spins from the target spin, r j = (x j , y j , z j ) denotes the position of the j th probe spin, L denotes the number of probe spins,and s denotes the state of the target spin. We use the same pulse sequence described in Fig. 2 , and assume that we can uniformly implement both the π 2 pulse and the π pulse on the all the probe spins. The uncertainty of the estimation for the probe spin ensemble can be calculated as
denotes the coherence time of the probe-spin ensemble. Taking a continuous limit, we obtain
where we perform the integral over the region of the probespin ensemble by considering the spin density ρ. In addition, we obtain δM y δM y = L j=1 δσ y δσ y ≃ L for the small effective magnetic fields. Therefore, we obtain
x 2 +y 2 +z 2 −1) (x 2 +y 2 +z 2 )
where we choose t I = T (ens) 2 2 to minimize the uncertainty. Because this form contains an integral over the location where the probe spins exist, we need to specify the shape and volume of the region of the probe spins, as we will describe in the following subsections.
Columnar form for the distribution of probe spins
First, we consider a columnar form for the distribution of the probe spins, as shown in Fig. 3 . Note that existing technology allows us to fabricate such a structure by combining electron-beam lithography and reactive ion etching, and we can use this structure as the tip for a scanning microscope [25] . Here, we assume that the probe spins are homogeneously distributed inside a columnar form that is placed at a distance from the target spin.
FIG. 4: Plot of the ratio δs (single) min

/δs
(ens) min with a columnar configuration, as described in Fig. 3 . We chose the parameters T For comparison, we consider the uncertainty when we use a single probe spin for the spin detection by substituting x = y = 0 and z = z min into Eq. 10.
We can define the ratio of the uncertainty of the estimation as
To calculate this ratio, we performed numerical simulations. min against zmin where we choose rmax and zmax to maximize this ratio by a continuous line. Except these two parameters, we used the same parameters as the Fig. 4 . The ensemble probe spins shows better performance than the single probe spin as long as zmin ≥ 0.15µm.
For the simulations, we used typical parameters for the nitrogen vacancy (NV) centers in diamond. The NV center is a fascinating candidate for realizing a sensitive magneticfield sensor [8] [9] [10] [11] . We can use this system as an effective two-level system, and high fidelity gate operations using microwave pulses have already been demonstrated [26] [27] [28] [29] . Moreover, it is known that we can read out the state of the NV centers via fluorescence from the optical transitions after irradiation with a green laser [27, 28] . In particular, single NV centers have a long coherence time , e.g., a few milliseconds [30, 31] . It is possible to fabricate highdensity NV centers , which have been used for magnetic-field sensing [19] [20] [21] [22] ;however, the coherence time of an ensemble of NV centers is typically much shorter than that of a single NV center. In our numerical simulations, we use values of T (single) 2 = 2 ms for a single NV center and T (ens) 2 = 84 µs and ρ = 6.7 × 10 16 /cm 3 for an ensemble of NV centers [22, 30, 32] . Note that, even though we focused on NV centers in the numerical simulations, we can, in principle, use other spin ensembles such as donors in high-purity silicon or erbium impurities in yttrium orthosilicate, which can be read out via a superconducting circuit [4, 5, [33] [34] [35] .
We plot the ratio δs
min against z max and r max in Fig. 4 , where we fix z min = 1 µm. There exists an optimal set of z max and r max , and the maximized ratio is approximately δs min .The probe-spin ensemble has better sensitivity than the single probe spin as long as z min ≥ 0.15 µm.
Cylindrical form form for the distribution of probe spins FIG. 6: Detection of a target spin with an ensemble of probe spins using a cylindrical form. Here, after fabricating the probe-spin substrate into a columnar form with radius of rmax, we created a hole penetrating the structure with radius rmin. We assume that the probe spins are homogeneously distributed in the substrate and that the target spin is located inside the hole.
Second, we consider a cylindrical form for the distribution of the probe spins, as shown in Fig. 6 . After we fabricate a probe-spin substrate (such as diamonds) into a columnar form, we make a hole penetrating the structure.The target spin is located in the center of the hole. Such a fabrication is possible if we use a focused ion beam [36] . Unlike the columnar form as described in the previous subsection, it is difficult to use this structure with a scanning microscope because the target spin is assumed to be inside the cylindrical form. However, as we will describe, this cylindrical form shows much better performance than the columnar form for spin detections.Therefore, for a proof of principle experiment, this structure would be suitable. min with a cylindrical configuration, as described in Fig. 6 . We chose the same parameters as in Fig. 7 . In addition, we fixed rmin = 1 µm. The ratio shows a maximum value of δs min versus rmin where we chose rmax and zmax to maximize the ratio. Except for these two parameters, we used the same parameters as the Fig. 7 . The ensemble of probe spins shows better performance than the single probe spin as long as rmin ≥ 0.08 µm.
We calculated the uncertainty of the estimation as 
For comparison, we consider the uncertainty when we use a single probe spin for the spin detection by substituting x = r min and y = z = 0 into Eq. 10.
min against z max and r max in Fig. 7 , where we fix r min = 1 µm. We have an optimal set of z max and r max . The maximized ratio is approximately δs (single) min /δs (ens) min ≃ 45;therefore, the sensitivity with the ensemble of probe spins is much better than that with the single probe spin. In addition, we conclude that, if we use an ensemble of probe spins, the cylinder configuration shows a better performance for the spin detection than the columnar configuration. Moreover, we plotted the an optimized value of δs min . The probe-spin ensemble in the cylindrical configuration has better sensitivity than the single probe spin as long as r min ≥ 0.08 µm.
FIG. 9:
We plot an optimize ratio δs (ens) min against zmin (rmin) to detect a single electron target spin for columnar (cylindrical) distribution of the probe spins by a continuous (dashed) line. Here, we choose rmax and zmax to maximize this ratio Except these two parameters, we used the same parameters as the Fig. 7 .
Finally, we plotted δs (ens) min to estimate the necessary time for the spin detection. We considered an electron spin to be the target spin. As shown in Fig. 9 , when the probe spins are distributed in a columnar (cylindrical) form, we obtain δs (ens) min = 10 for z min ≃ 395nm (r min ≃ 468nm) when we repeat the experiment for T = 1 s. Since we need to achieve δs (ens) min ≃ 1 to detect the target spin, the required time for the detection is approximately T ≃ 100 s. Therefore, when the distance between the target spin and probe spins is of the order of hundreds of nanometers, it takes around a few minutes to detect a single electron spin with the probe spin ensemble in our scheme, which is more than one order of magnitude faster than the case of a single probe spin as shown in Figs. 5 and 8.
CONCLUSIONS
We investigated the sensitivity of a single target spin detection using an ensemble of probe spins. The use of a probe spin ensemble increases the signal from the target spin while the projection noise becomes more relevant as we increase the number of probe spins. We demonstrated that, by optimizing the distribution of the probe spins, the signal enhancement of the probe-spin ensemble becomes much larger than the projection noise, which allows us to detect the single target spin much more efficiently than in the case of a single probe spin. In particular, our scheme is useful when the distance between the target spin and the probe spins is of the order of hundreds of nanometers, which makes it difficult for the single probe spin to detect the target due to the weak signal. Our results pave the way for a new strategy to realize reliable single-spin detections.
We 
